Models aiming to explain the formation of massive black hole seeds, and in particular the direct collapse scenario, face substantial difficulties. These are rooted in rather ad hoc and fine-tuned initial conditions, such as the simultaneous requirements of extremely low metallicities and strong radiation backgrounds. Here we explore a modification of such scenarios where a massive primordial star cluster is initially produced. Subsequent stellar collisions give rise to the formation of massive (10 4 -10 5 M ) objects. Our calculations demonstrate that the interplay between stellar dynamics, gas accretion and protostellar evolution is particularly relevant. Gas accretion onto the protostars enhances their radii, resulting in an enhanced collisional cross section. We show that the fraction of collisions can increase from 0.1-1% of the initial population to about 10% when compared to gas-free models or models of protostellar clusters in the local Universe. We conclude that very massive objects can form in spite of initial fragmentation, making the first massive protostellar clusters viable candidate birth places for observed supermassive black holes.
INTRODUCTION
More than 100 supermassive black holes have already been detected at z > 6 (Gallerani et al. 2017) , with the number still continuously increasing, including 32 quasars recently discovered between z = 5.7 and 6.8 via Subaru (Matsuoka et al. 2017 ) and 8 z > 6 quasars via SED model fitting of VISTA, WISE and Dark Energy Survey Year 1 observations (Reed et al. 2017 ). The currently most distant known quasars are at z = 7.085, i.e. 0.77 billion years after the Big Bang, with a mass of about 2 × 10 9 M (Mortlock et al. 2011) , and at z = 7.54 with a mass of about 8 × 10 8 M (Bañados et al. 2017) .
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nificant challenge to our cosmological model, as the accretion at an Eddington rate requires initial seed masses of order 10 4 M , when realistic spin parameters and accretion disk models are taken into account (Shapiro 2005) . The only solutions are very massive seeds or extended periods of super-Eddington accretion, potentially also combinations of both during the formation and early growth of massive black holes. The possible scenarios leading to their formation were already outlined by Rees (1984) , including the direct collapse of massive gas clouds either to a black hole or to a supermassive star, which later collapses to a black hole via general relativistic instabilities, or alternatively through the formation of a dense stellar cluster, which may either collapse into a black hole through relativistic instabilities, or evolve due to stellar mergers. first pregalactic halos (Koushiappas et al. 2004) , through efficient angular momentum transport by gravitational instabilities (Begelman et al. 2006; Lodato & Natarajan 2006) or through bars-within-bars instabilities (Begelman & Shlosman 2009) . Numerical simulations probing the formation of massive black holes via direct collapse were indicating that the latter is possible only if cooling is efficiently suppressed, for instance if the formation of molecular hydrogen is photodissociated via a strong radiation background (Bromm & Loeb 2003) . Cosmological hydrodynamics simulations following such a collapse over many orders of magnitude indeed found signatures of self-gravitational instabilities in the regime of atomic hydrogen cooling (Wise et al. 2008 ). An update of the pathways leading to massive black hole formation was given by Regan & Haehnelt (2009) , considering the cosmological conditions that may help to keep the gas metal-free, thereby preventing strong fragmentation events.
The first systematic fragmentation study in the atomic cooling regime has been pursued by Latif et al. (2013a) , showing that fragmentation indeed can be strongly suppressed if cooling is only feasible via atomic hydrogen lines (see also Schleicher et al. 2010 , for the role of the atomic line cooling transitions). The large accretion rates of 0.1 M yr −1 or more found in the simulations strongly favor protostellar models with cool atmospheres and highly extended envelopes (Hosokawa et al. 2013; Schleicher et al. 2013; Woods et al. 2017; Haemmerlé et al. 2017) , implying that feedback is rather inefficient. Under such conditions, final black hole masses of 10 5 M can be reached based on the results of cosmological simulations (Latif et al. 2013b; Umeda et al. 2016) .
Such a scenario however represents the most optimistic case. In particular, one needs to investigate the strength of the radiation background to keep the gas atomic, which is typically described through the strength of the radiation background at 13.6 eV and parametrized via J21, with a value of 1 corresponding to 10 −21 erg s −1 cm −3 Hz −1 sr −1 .The first numerical investigations suggested a critical value of J21 ∼ 100 to prevent the formation of molecular hydrogen, while updated chemical networks and more realistic models for the radiation background (see e.g. Sugimura et al. 2014; Agarwal & Khochfar 2015) have led to much larger critical values of the order 10 5 when applied in cosmological simulations (Latif et al. , 2015 , see also for a discussion of the impact of the spectral shape). Under the threshold, massive stars may potentially still form, even though the mass may be reduced by factors of 10 − 100 .
In addition to molecular hydrogen line cooling, fragmentation can also be induced via metals or dust grains (Omukai et al. 2008 ). In the case of metal line cooling, a metallicity of 10 −3 Z can already increase the cooling and trigger fragmentation within cosmological simulations , while even lower metallicities of 10 −5 Z are sufficient when dust cooling is considered (Dopcke et al. 2013; Schneider et al. 2006; Bovino et al. 2016; Latif et al. 2016) . The need to both have very strong radiation backgrounds, while keeping the gas metal free, leads to a strong needed of fine-tuning, which at best can be satisfied under very rare conditions (e.g. , while in fact the need for large values of J21 provides a problem for the direct collapse scenario (Dijkstra et al. 2014) . Surprisingly, the alternative pathway of black hole formation through stellar clusters has been investigated to a lesser degree in the context of early Universe black hole formation. Analytical models by Devecchi & Volonteri (2009) and Devecchi et al. (2012) predict black hole masses of 100 − 1000 M forming in the first stellar clusters. Katz et al. (2015) model the formation of a dense stellar cluster in a cosmological simulation, and show the subsequent formation of a ∼ 1000 M black hole via N -body simulations. Similarly, Sakurai et al. (2017) showed the formation of black holes with 400 − 1900 M via a combination of cosmological and N -body simulations. So far, these simulations have not considered the enhanced protostellar radii in the presence of accretion (Hosokawa et al. 2013; Schleicher et al. 2013) , and they also neglected the initial presence of gas in the cluster after the formation of the protostars. As we will show in this paper, their ongoing accretion events may however considerably favor collisions and mergers, and thus the formation of a central massive object.
For present-day protostellar clusters, Baumgardt & Klessen (2011) have shown that 0.1−1% of the protostars in the cluster may collide and help to form a particularly massive star within the cluster (see also Moeckel & Clarke 2011; Oh & Kroupa 2012; Fujii & Portegies Zwart 2013 , for similar results). For star clusters at high redshift, we can however expect significantly higher collision rates. One reason is that these clusters are more dense, as the trace amount of metals will trigger cooling and fragmentation only when high densities of order 10 9 cm −3 are reached, thereby leading to the formation of very compact star clusters (Clark et al. 2008 Greif et al. 2011 ). Due to the low metallicity and the larger gas temperatures, also the accretion rates will be enhanced, thus favoring collisions through the accretion and mass growth itself, but also due to the protostellar radii, that are enhanced as a result (Smith et al. 2012) .
We present here the first investigation which explores the formation of massive black hole seeds from a dense stellar cluster, where gas-phase effects like accretion as well as the resulting enhanced protostellar radii are taken into account. We describe our numerical methods in Sec. 2 and our experimental setup in Sec. 3. The validation is described in Sec. 4. Our results are presented in Sec. 5, including both our reference model as well as an exploration of the parameter dependence.We summarize the main conclusions in Sec. 6.
NUMERICAL METHODS
Modelling the early evolution of a Population III (Pop. III) protostar cluster is challenging. The main reason is the variety of physical processes that play a role, i.e. gravitational N -body dynamics, gravitational coupling between the stars and the gas, stellar growth in mass and size due to gas accretion, and stellar collisions. In this section we describe each of these physical ingredients that go into our simulations, and how we couple them into one numerical model. We use the Astrophysical Multi-purpose Software Environment (AMUSE 1 , Portegies Zwart et al. 2009 ; Pelupessy Model  Gas reservoir Position dependent Time dependent  accretion model  accretion model   1  Infinite  no  no  2  Infinite  yes  no  3  Finite  no  no  4  Finite  yes  no  5  Finite  no  yes  6 Finite yes yes Table 1 . Six different gas accretion models for Pop. III protostars embedded in their natal gas cloud.
et al. 2013), which was designed for performing such multiphysics simulations as required for our study. Particularly it has the flexibility to introduce new physical ingredients, such as a mass-radius parametrization for accreting Pop. III protostars, and to couple it to existing N -body codes and background potentials (e.g. Martínez-Barbosa et al. 2016; Boekholt et al. 2017 ).
Initial conditions and dynamics
Our astrophysical system under investigation consists of Pop. III protostars embedded in their natal gas cloud. We will assume a simplified initial condition: the protostars and the gas are distributed equally, and they both follow the commonly used Plummer distribution (Plummer 1911) . In order to have a well-defined size of the cluster and to ensure that each protostar starts out within the gas cloud, we introduce a cut-off radius after which the density is set to zero. We set this radius to five times the Plummer radius so that the cluster remains stable. The parameters specifying the initial conditions are then: the total gas mass, Mg, the cutoff radius, Rg, and the number of protostars, N . The initial mass of the protostars is set to m0 = 0.1 M . In appendix B we confirm that the specific choice of initial mass does not change the results much, as long as we start out with a gasdominated system. Complicating factors such as a flattened distribution, cluster rotation and an initial binary fraction are not taken into account in the current study. Our main aim is to explore the complex interplay between dynamics and accretion that will lead to the collisional growth of a massive object.
To model the star-star gravitational interactions we use the N -body code ph4 (e.g. McMillan & Hut 1996, Sec. 3.2) , which is a fourth-order Hermite algorithm in combination with the time-symmetric integration scheme of Hut et al. (1995) . We simplify the gravitational dynamics of the gas cloud by an analytical background potential. This potential is coupled to the stars using the BRIDGE method (Fujii et al. 2007) , so that the stars experience both the gravitational force from each other as well as from the gas. Especially at the start of the simulation, when the protostars are still low mass, their orbits will be completely determined by the dominant background potential.
Gas accretion models
The initially low mass Pop. III protostars will gain mass by accreting from the gas reservoir. Since the accretion rate might vary with cluster environment and cluster evolution, we define six different accretion models based on: (in)finite gas reservoir, position (in)dependent accretion rate, and time (in)dependent accretion rate. An infinite gas reservoir resembles a system that is constantly being fed fresh gas. This prolongs the gas dominated phase and the time scale on which the protostars can accrete gas. This is contrary to the finite gas reservoir models, where the gas will eventually run out, and the protostars will stop accreting. For the position-dependent models we set the accretion rate proportional to the local gas density. In this way the protostars in the core accrete at a higher rate than protostars in the halo. Such a system naturally produces a range of stellar masses and radii. In order to compare the position (in)dependent models, we make sure that the cumulative accretion rate is initially equal. A time dependence to the accretion rate is introduced if we set the accretion rate proportional to the gas density, which in turn decreases in time for the models with a finite gas reservoir. The main effect of a decreasing accretion rate is that the stars will migrate to lower massradius tracks, and thus have a decreasing collisional cross section. The different combinations of the accretion properties described above define the six different accretion models presented in Tab. 1. An illustration of the time evolution of the accretion rate in the different models is presented in appendix B.
Mass-radius evolution
The mass-radius evolution of accreting Pop. III protostars is very uncertain, and so we investigate two different sets of models to have a handle on the uncertainties introduced by different protostellar models. We base our mass-radius parametrizations on two different studies: Hosokawa et al. (2012, Fig. 5 ) and Haemmerlé et al. (2017, Fig. 2) . Both of these studies performed detailed stellar evolution calculations using codes by Omukai & Palla (2003) , Hosokawa & Omukai (2009 ), Hosokawa et al. (2010 , and GENEVA (Eggenberger et al. 2008) respectively.
The radius of a protostar is completely determined by its mass, m, and accretion rate,ṁ. At every time step in our simulation we keep track of these two quantities and update the radius of the protostar. For values of the accretion rate in between the parametrized mass-radius tracks, we use interpolation between the two nearest tracks in logspace. In Fig. 1 we present our approximate parametrization of the mass-radius tracks of accreting Pop. III protostars, based on the detailed calculations of Hosokawa et al. (2012, Fig. 5 ) and Haemmerlé et al. (2017, Fig. 2) . For the higher accretion rates, the models of Haemmerlé et al. (2017) produce somewhat smaller radii, but they show the same behaviour at large masses. We use both models to test the sensitivity of the formation of massive objects to the underlying mass-radius parametrization. The analytical form of the parametrization is given appendix A.
Stellar collisions
We adopt the commonly used "sticky-sphere" approximation to treat collisions between protostars. Whenever the distance between two protostars is less than the sum of their radii, we replace the two protostars by a single object at their center of mass. We assume that during the collision the total mass is conserved, and the new radius is determined by the mass-radius parametrization. In case the accretion rate is very low, i.e. < 10 −6 M yr −1 , then the new radius is determined by conserving the density of the primary star.
EXPERIMENTAL SETUP
The input parameters specifying a simulation and their range in values are: We also vary the accretion model (see Sec. 2.2) and the mass-radius parametrization (see Sec. 2.3). We note that the adopted protostellar accretion rates are high compared to present-day star formation. However, they are realistic for the primordial case. Similar to current star formation, the protostellar accretion process in Pop. III clusters is not regulated via Bondi-Hoyle-Littleton accretion, but rather it has been shown that gravitational instabilities in the gas are driving fragmentation as well as the accretion process onto the fragments. This leads to the typical range of accretion rates under Pop. III conditions that we adopted, see e.g. 
where we used Tcross,0 = 2Rv/σ, with Rv the virial radius given by Rv = 16Rg/15π (using the definition of our gas cloud truncation radius), σ the velocity dispersion estimated by σ = GMg/2Rv, and G the gravitational constant. We consider a simulation finished if most of the collisions have occurred. We determine this by keeping track of the average collision rate,
and an upper limit of the current collision rate,
If the ratio of R/Rav < 0.015 we stop the simulation. This criterion was chosen to make sure that the majority of collisions have occurred, while also limiting the duration of the simulation. We also stop the simulation if no collision has occurred in the last million years. Table 2 . Overview of the simulations. The input parameters are: gas cloud mass Mg, gas cloud radius Rg, number of protostars N and the average accretion rateṁ. Statistics describing the output are: final mass of the most massive object Mm and total number of collisions Nc. The number in the subscript denotes the accretion model (see Tab. 1) . For each simulation we store regular snapshots of the full phase space information, allowing us to retrace the massradius evolution and calculate collision rates. In Tab. 2 and 3 we provide an overview of our simulations and their input parameters, together with several statistics describing the outcome of the simulations, such as the maximum mass and maximum collision rate. An estimate of the measurement uncertainties can be found in Tab. 4.
In the next section we provide several validation tests of our experimental setup. We show that the initial condition is a stable Plummer sphere distribution (Fig. B1) , and we validate both the correct implementation of the six differ-ent accretion models, and the mass-radius parametrization based on Hosokawa et al. (2012) .
VALIDATION OF THE NUMERICAL METHOD
We describe the numerical methods used in this study in Sec. 2. Here we present validation experiments of our simulation setup and numerical implementation. We have performed a validation experiment of the initial conditions and dynamics by choosing the following parameters: Mg = 10 5 M , Rg = 0.1 pc and N = 256. We evolved the system for a time T = 10 5 yr and note that accretion and collisions are not included yet. In Fig. B1 we confirm that the 10, 50 and 90% Lagrangian radii follow those of a Plummer sphere, with a slight discrepancy in the 90% radius due to the truncation that we have introduced.
We also note that all the protostars remain within the gas cloud, i.e. there are no escapers due to the initial condition, and the velocity dispersion of the protostars is close to the analytical value of ∼ 80 km/s. We have constructed a stable star cluster which will only alter its configuration due to gas accretion and stellar collisions.
We have performed a numerical validation experiment by evolving the same initial condition as above, but this time only with gas accretion, i.e. dynamics is turned off. We set the initial accretion rateṁ = 0.03 M yr −1 , i.e. here and in the rest of this studyṁ refers to the average accretion rate per star over the whole cluster. In Fig. B2 we present the time evolution of the total star and gas mass (top row) and the time evolution of the average accretion rate (bottom row). We note that the position dependent and independent accretion models are consistent on average (their curves overlie). Together all these different models cover a variety of physical regimes.
In the same validation experiment, we also kept track of the mass-radius evolution of the protostars, which we present in Fig. 2 (for the model of Hosokawa et al. 2012 ). There we clearly observe the difference between the position independent (top row) and dependent (bottom row) models. The latter produces a spectrum of masses and radii. We note that in the time-dependent models (5 and 6), the accretion rate decreases in time, and as a result the protostars will migrate to lower mass-radius tracks. After an initial phase of growth these protostars will eventually shrink, which is expected to decrease the collision rate.
RESULTS
We start by analyzing the simulations with the standard set of parameters defined in Sec. 3. We show a proof of concept that many accretion-induced collisions can lead to the formation of a single massive object. Next, we determine the sensitivity of this result to variations of the input parameters.
Simulations with the standard set of parameters
Our simulations start with a cluster of single protostars, that is, there are no primordial binaries in the system. In time collisions between protostars will occur and result in collision products. We distinguish between the most massive collision product and other less massive ones. Finally, strong dynamical encounters between protostars can eject them from the cluster. We have thus defined four categories to which a protostar can belong:
• Single protostar, i.e. not a collision product • Part of the most massive collision product • Part of a less massive collision product • Escaper
We note that binaries and higher order multiple systems form in our simulations, but we only categorize the individual stellar components. In Fig. 3 we present the time evolution of the fraction of protostars belonging to each of these four categories. We observe that the majority of protostars end up in the final most massive object, which can be understood intuitively as follows. As a result of the gas accretion, the protostellar radii are substantially increasing for two main reasons. First, the overall increase of the protostellar mass, which naturally provides larger radii. Second, the rather high accretion rates in the primordial environment, which lead to rather extended envelopes that may exceed several 1000 solar radii. As a consequence, the collision probability in this environment is highly enhanced once accretion is switched on, and once the effect of accretion onto the protostellar radii is being considered. In particular for the infinite gas reservoir models (1 and 2), we find that 80-90% of the protostars end up in a single object. For finite but large gas reservoirs (as expected in the large atomic cooling halos), the fraction is somewhat reduced to 60-70% in models 3, 4 and 6, but still quite significant. In model 5 the fraction reduces to about 10% as due to the uniform accretion the central object in that cluster is less pronounced, and due to the time dependent accretion, the protostellar radii shrink again with decreasing gas reservoir. The latter represents an enhancement by roughly a factor of 10 compared to the corresponding gas-free models or models which assumed smaller protostellar radii (Baumgardt & Klessen 2011; Reinoso et al. 2017) . Comparing the radially independent accretion models (top row of Fig 3) and the radially dependent models (bottom row), we observe a higher fraction of less massive collision products for the radially independent accretion models. Initially, this fraction is larger than the fraction of stars in the most massive collision product, implying that collisions tend to occur throughout the cluster between different pairs of stars. The radial independent models also produce a larger fraction of escaping protostars, implying that these systems produce stronger dynamical encounters. For the radially dependent accretion models most stars tend to immediately collide with the central protostar that is accreting the fastest. Next, we aim to better understand the time evolution of the collision rate of protostars. In Fig. 4 and 5 we present the collision rate (bottom panels) and correlate it with the total star and gas mass (top panels), the fraction of stars belonging to the four categories defined earlier (second pan- [R ]
Model 6 Figure 2 . Validation of the mass-radius parametrization implementation. We consider a Plummer distribution of protostars, which are accreting gas, resulting in evolving masses and radii. The protostars do not move in this validation experiment, which explains the regularity in the distribution of mass-radius tracks. We confirm that for the position independent accretion models (top row) the protostars follow the mass-radius parametrization based on Hosokawa et al. 2012 . For the time dependent accretion model (right panel) the accretion rate decreases in time, so that the protostars migrate to mass-radius tracks of lower accretion rate, causing the protostars to eventually shrink again. For the position dependent accretion models (bottom row) we confirm a correct interpolation of the mass-radius tracks in log-space, and the production of a range of masses and radii. els) and the radius of the most massive protostar and the average radius of the remaining protostars (third panels). There is a small delay time for the collision rate to start to increase, which corresponds to the time it takes for the protostars to grow in mass and radius, and for the total stellar mass to become significant compared to the total gas mass. Then the collision rate increases rapidly and reaches a peak value. This rapid growth is fuelled by accretion which results in the protostars reaching larger sizes, and which makes the system stellar-mass dominated resulting in dynamical encounters and collisions. Values for the maximum and average collision rates can be found in Tab. 3, which together specify a range of typical collision rates in our simulations. We find that the maximum collision rate can be very high, i.e. a collisional fraction per crossing time up to about 8% (see left panels in Fig. 4 and 5) , but that the average collision rate is more consistent with previous studies. For example, Baumgardt & Klessen (2011, Fig. 4 ) measure a collisional fraction of 0.1-1%, and this result is confirmed by Reinoso et al. (2017) for gas free systems. Portegies Zwart et al. (2004) estimate the collision rate in the cluster MGG-11 to be 10-100 collisions within the first 3 Myr, or since the crossing time is about 10 5 yr (McCrady et al. 2003) , ∼ 0.3−3 collisions per crossing time, which is comparable to the average rates in Tab. 3. Our results show that accretion-induced collisions in massive Pop. III protostar clusters can increase the peak collision rate by an order of magnitude or even more.
The saturation and eventual decrease of the collision rate has several causes. For the infinite gas reservoir models, the collision rate decreases again due to the sparsity of collision partners left in the system. For the finite gas reservoir models, the collision rate decreases due to a lack of gas, i.e. the stars do not expand anymore due to accretion. In this regime we observe that the fraction of escaping stars starts to increase, which implies strong dynamical encounters. After the initial evolution with a high accretion-induced collision rate, the system experiences a transition into a regime with a dynamics dominated collision rate, which is consequently much lower. For the time dependent accretion models the collision rate also decreases due to the shrinking of the protostars. We note however, that even though the collision rate decreases, that collisions that do occur can be quite massive if both collision partners are collision products themselves. In Fig. 6 we plot the maximum mass in the system as a function of time. We observe that all models produce a very massive object with a mass of order 10 4−5 M . The fastest growth in mass occurs between 5-20 crossing times, which is synchronous to the moment of highest collision rate (see prod."), and 4) single stars (orange). We indicate the moment of transition to a stellar mass dominated system (see Sec. 2.2) with a vertical dashed line. Initially all the stars are single stars in the system. As the stars accrete gas, they become larger and will dynamically interact with the other stars. We generally observe a decrease in the fraction of single stars, and an increase in collision products, and at late times a small fraction of escapers.
to have a position dependent accretion rate, such that the formation of a massive object in the core is more likely, which fuels subsequent collisions with other stars. In Model 5 such a formation channel is missing. This plus the fact that the stars will eventually shrink due to the time-dependent accretion rate, causes the massive object to be an order of magnitude less massive. Model 5 comes closest to resembling the evolution of a gas free, equal mass Plummer sphere in which collisions usually do not become important until core collapse. This implies that for systems in which accretioninduced collisions do play a significant role, the formation of a massive object is sped up.
Next, we want to further investigate how the collisions occur in the cluster: do they preferably happen with a dominant central object, or are there collisions between different pairs of objects occurring throughout the cluster? In Fig. 7 we plot the number of collision products in the cluster as a function of the total number of collisions that have occurred. We observe that the position independent accretion models (black curves) can produce a factor 2-3 more collision products than the position dependent models (grey curves). This is somewhat expected considering that the position dependent accretion models rapidly produce a dominant mass in the core, which will have a much larger cross section for collisions. We note that the mass ratio between the two most massive objects in the system ranges from an order of magnitude for Model 5 up to two orders of magnitude for the other models.
Variation of input parameters
We perform an ensemble of numerical experiments with varying input parameters to determine the robustness of the result in the previous section, i.e. that a single massive object of mass ∼ 10 4−5 M is formed due to a high collision rate. We vary the initial total gas mass, gas cloud radius, number of protostars and average accretion rate per protostar. At the end of the simulation we determine the maximum mass in the system and the total number of collisions. The results are presented in Fig. 8 .
Starting with the total gas mass, we observe that the maximum mass increases with higher gas mass. This makes sense intuitively as more gas is available to accrete from, and the resulting protostars will be more massive and larger in size. This increases the collisional cross section, which is confirmed by the increasing number of collisions as a function of Mg. The trend seems to saturate at a gas mass of about 10 5.5 M , and all the different models start to converge. In this regime, the protostars are able to reach such large radii that a runaway collision process is triggered irrespective of the detailed accretion model. At the low mass end of the diagram, we observe that the time dependent accretion models become inefficient, producing maximum masses ≤ 10 3 M . With little mass to accrete from, the protostars in the timedependent models will generally remain small, resulting in a low collision rate, which is consistent with gas free star clusters in virial equilibrium.
In the top right panel of Fig. 8 we present the maximum mass and number of collisions with varying gas cloud radius. Correlating the time evolution of the collision and escape rate (bottom panel) with: total star and gas mass (top panel), fraction of stars belonging to the same four categories as in Fig. 3 (second panel), and maximum stellar radius and average stellar radius of the remaining stars (third panel). We show these results for the different accretion models (per column, see also next figure).
For the infinite gas reservoir models, we observe an increasing trend. For a larger gas cloud radius, the protostars need to accrete more gas before they reach the required radius for collisions to occur. As a result the collision products will be more massive. For the finite gas reservoir models there is a peak at Rg ∼ 10 −1.5 − 10 −1 pc after which the maximum mass decreases again. Intuitively, we can relate this decrease to the decrease in the number density, which is proportional to the collision rate. This is confirmed by the decrease of the number of collisions with Rg. For the densest configurations, i.e. the smallest gas cloud radii, we again observe a convergence of the different accretion models. With decreasing Rg the ratio of the protostellar radii to Rg increases, resulting in an increased collision rate, which is confirmed by the data. The trend that Mmax increases with Rg, for the densest configurations, is explained by the fact that the protostars have to accrete for a longer time to reach a significant radius relative to Rg, thus resulting in more massive objects. The initial increase and subsequent decrease of Mmax with increasing Rg is thus explained by the increase of the accretion time scale and the decrease of the number density.
In the bottom left panel of Fig. 8 we vary the number of initial protostars in the cluster. Intuitively, we would expect that with a higher number of stars, the collision rate will increase. However, with fewer stars in the cluster, they will be able to accrete more and thus increase their collisional cross section. For the infinite gas reservoir models we again observe a steady increase of the maximum mass with N . The finite models produce massive objects between 10 4.5−5 M irrespective of the variation of N from 64 to 1024. The total collision fraction also remains roughly constant between 0.6 and 0.8. Therefore the increasing number density and decreasing cross section with N tend to cancel out. Only for Model 5 we observe a decrease of Mmax and Nc/N0 with N . The extra effect of the time dependent accretion rate and subsequent shrinking of the protostellar radii, causes the decreasing collisional cross section to dominate. For the time dependent accretion models it is therefore favourable to have fewer stars in the system in order to produce a massive object.
In the bottom right panel of Fig. 8 we plot the maximum mass and total collision fraction as a function of average accretion rate per protostar. We observe an increasing collision fraction as a function ofṁ. This can be explained by the mass-radius tracks: a higherṁ produces larger protostellar radii. For the largest values ofṁ however, the variation in the protostellar radii saturates (see Fig. 1 ), and we observe a flattening of the total collision fraction. The maximum mass depends weakly onṁ, showing a relatively mild increase. For our standard set of parameter values defined Sec. 3, we conclude that forṁ ≥ 10 −3 M /yr a massive object of M ≥ 10 4 M is formed. . We compare their influence on the formation of a massive object: its final mass Mmax, number of collisions N col and maximum collision rate Rmax. We compare runs with the exact same initial realization of the cluster, and calculate the average and standard deviation over 10 simulations. Models 2 and 4 give consistent results, which are the position dependent accretion models where a dominant object is formed in the core. For the other models we observe a statistical difference due to the more conservative radii of Haemmerlé et al. (2017) . This difference does not change the conclusion that a single massive object is formed due to a high collision rate. 
Figure 6. Time evolution of the maximum mass in the system. We show the results for the six different accretion models and standard set of parameters. Except for Model 5, all models efficiently convert at least half of the initial gas mass into one single massive object.
Finally, we measure the dependence of the formation of a massive object to a different underlying mass-radius parametrization. We compare our parametrization based on Hosokawa et al. (2012) to that of Haemmerlé et al. (2017) . We use the standard set of parameters defined in Sec. 3 and create 10 initial realizations of the cluster. We integrate these initial conditions using both mass-radius parametrizations and calculate the average and standard deviation of the final maximum mass, number of collisions and maximum collision rate (see Tab. 4). For models 2 and 4 we find the results to be mutually consistent. In these radial dependent accretion models a dominant central object is formed in the core. Its rapid growth causes many collisions to occur irrespective of the detailed mass-radius parametrization. For models 3, 5 and 6 we observe that the models based on Haemmerlé et al. (2017) produce somewhat fewer collisions and less massive objects. These models are sensitive to the more conservative radii of the Haemmerlé et al. (2017) Figure 7 . Number of collision products present in the cluster as a function of number of collisions that have occurred. This is a measure of whether collisions occur with predominantly one massive object or between many different pairs of stars throughout the cluster. We clearly observe a difference between the radially independent (thick curves) and radially dependent (thin curves) accretion models. As is somewhat expected, the radially dependent accretion models produce a massive object in the center which is involved in most collisions.
dominant object in the core due to accretion) and/or because the accretion model is time dependent, in which protostars shrink to small sizes and differences in the radii will have a large effect on the dynamics dominated collision rate. For Model 1 we observe the counter-intuitive result that the parametrization by Haemmerlé et al. (2017) produces fewer collisions but a more massive object. This can be explained by the difference in time at which the stopping condition was fulfilled. The collisions rate is lower and the collisions therefore more spread out in time. In this infinite gas reservoir model this gives the protostars more time to accrete mass. 
CONCLUSION
We present the first numerical study of the formation of massive black hole seeds through the formation channel of accretion and collisions in a dense Population III (Pop. III) protostellar cluster. We take into account accurate massradius parametrizations for accreting Pop. III protostars, which are based on detailed stellar evolution calculations performed by Hosokawa et al. (2012) and Haemmerlé et al. (2017) . These studies have shown that for high accretion rates (ṁ ≥ 10 −3 M /yr), the protostellar radii can become of order 10 2−4 R , thus significantly increasing the collisional cross section. Using the AMUSE simulation framework we perform a series of multi-physics simulations, including N -body dynamics, an analytical gas potential, six different accretion models, mass-radius parametrizations and stellar collisions.
In Tab. 2 and 3 we present an overview of the simulation input parameters and outcome statistics. Our most conservative model (model 5), which most closely resembles the dynamics of ordinary Plummer spheres, confirms the fractional collision rate of 0.1 -1% per crossing time found in previous studies. Depending on the values of the input parameters, about 10% of the initial protostellar population collides into a single massive object of order 10 4 M on a time scale of 50 crossing times or longer.
In our remaining accretion models, the effects of accretion-induced collisions are more prominent for two distinct but related reasons. First, in case of a more extensive gas reservoir the protostars will have more time to accrete gas and as a result be able to reach larger radii. Second, massive objects form in the center of the cluster where gas volume densities, and thus the accretion rates and collision rates, are highest. Our results show that the maximum number of collisions per crossing time can be increased up to 1-10% of the initial protostellar population. This increased collision rate leads to the formation of a single massive object with a mass of order M = 10 4−5 M . The increase of the collision rate is fuelled by the high accretion rates of the Pop. III protostars and the resulting large radii. After the maximum collision rate is reached, the collision rate decreases again, either due to the sparsity of collision partners left in the system, or due to the lack of gas, which truncates the growth of the protostars and allows for dynamical ejections from the cluster. In Fig. 4, 5 and 6 we also demonstrate that the formation of a massive object can occur within 20 crossing times, which is about twice as fast compared to gas free models (e.g. Reinoso et al. 2017) .
We have varied the initial gas cloud mass and gas cloud radius, and confirm the intuitive result that most collisions occur in the densest systems (see Fig. 8 top two panels) . Also, the final mass of the seed black hole increases with higher gas cloud mass. Our calculations based on models with a limited gas reservoir, show a characteristic gas cloud radius of Rg = 10 −1.5 − 10 −1 pc, at which the final mass of the most massive object is a maximum, i.e. M ∼ 10 4.5−5 M . For smaller gas cloud radii, the system becomes more dense, which triggers a runaway collision between the protostars at earlier times. The less time there is for the protostars to accrete gas, the less massive will be the collision products. In the opposite regime of larger gas cloud radii, a runaway collision might not occur as the protostars cannot reach the required radii. These systems eventually become stellarmass dominated, and since the collision rate is proportional to the number density, we would expect fewer collisions in larger systems. The final mass of the seed black hole depends mildly on the initial number of protostars (ranging from N = 64 − 1024) and average accretion rate (ranging fromṁ = 0.001 − 0.3 M /yr), consistently producing massive objects of order M = 10 4 M or higher.
The mass-radius evolution of accreting Pop. III protostars is very uncertain. In order to estimate the associated uncertainty and the robustness of the results mentioned above, we compare two mass-radius parametrizations: one based on Hosokawa et al. (2012) and a more conservative model based one Haemmerlé et al. (2017) . Our calculations confirm that a parametrization with more conservative radii results in lower collision rates. However, the two different mass-radius parametrizations, each based on detailed stellar evolution calculations, produce no strong differences in the final mass of the seed black hole.
We conclude that the mechanism of accretion-induced collisions in dense, Pop. III protostellar systems is a viable mechanism for explaining the formation of the first massive black hole seeds. Therefore this investigation warrants follow up studies, which improve on the realism of the detailed implementation and coupling of the different physics ingredients. Table A1 . Simplified parametrization of the mass-radius relation of accreting Pop. III protostars based on Hosokawa et al. (2012, Fig. 5 ).
APPENDIX B: VALIDATION OF THE NUMERICAL METHOD
We present here additional plots for the validation experiments discussed in section 4. In Fig. B1 we confirm that in the absence of accretion, the 10, 50 and 90% Lagrangian radii follow those of a Plummer sphere, with a slight discrepancy in the 90% radius due to the truncation that we have introduced. In Fig. B2 we present the time evolution of the total star and gas mass (top row) and the time evolution of the average accretion rate (bottom row) in a setup where the N -body integrator has been switched off. The figure follows the expected behavior of the accretion models. Finally, we show in Fig. B3 that the specific choice of the initial protostellar mass does not have a large influence on the time evolution of the most massive object in the system. The initial total stellar mass is given by Ms = N m0, which becomes comparable to the initial gas cloud mass, Mg = 10 5 M , and N = 256, if m0 = 390.625 M . When m0 390M , the total mass (gas + stars) remains close to ∼ 10 5 M , and with a fixed collisional fraction of about 10 percent, produces a maximum mass of about 10 4 M . When m0 = 100 M , the initial stellar mass Ms = 2.56 × 10 4 M , and so we have effectively increased the initial total mass by a quarter, which also allows for the formation of a more massive object. However, such a system would not start out as a gas-dominated system. Figure B1 . Validation of the initial conditions and dynamics. We present the 10, 50 and 90% Lagrangian radius of a Plummer sphere (see text for the Plummer parameters), calculated analytically (dashed line, for an untruncated Plummer) and from our numerical model (solid line, truncated at 5 Plummer radii). We confirm that our cluster is initially stable and will only change its structure in the presence of accretion and collisions. Figure B2 . Illustration and validation of the gas accretion models. In the top row we show the total mass evolution of the stars and gas. We confirm that models 1 and 2 are consistent (top left panel), and similar for models 3 and 4 (top middle panel) and models 5 and 6 (top right panel). In the bottom row we present the average accretion rates per star, i.e. the time derivative of the total stellar mass in the top row divided by the total number of stars. Figure B3 . Time evolution of the maximum mass in the system, for our most conservative accretion model (Model 5) with standard parameters (see Sec. 3). We vary the initial masses of the protostars and find that as long as the system starts out as a gas-dominated system, that is with m 0 390M , the final maximum mass does not change much. For m 0 = 100 M the overall potential starts to become strongly influenced by the stars, and mass growth gets modified by Bondi-Hoyle-Littleton accretion.
